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We detine a new hereditary class of perfect graphs G, the perfectly contractile 
graphs, which have the following property: 
Any y(G)-colouring of G can be obtained from any k-colouring of G by 
a sequence of switchings. 
Then we show that Gavril’s clique separable graphs (hence also i-triangulated 
graphs), Chvatal’s perfectly orderable graphs (hence also cotriangulated and com- 
parability graphs), and Meyniel graphs (hence also parity graphs) are perfectly 
contractile. C 1990 Academic Press. Inc. 
1. INTRODUCTION 
A k-colouring f of a graph G = (V, E) is a (not necessarily surjective) 
mapping from V to (1,2, . . . . k} such that f(x) #f(y) whenever x and y 
are two adjacent vertices of G. The chromatic number of G, denoted by 
y(G), is the least integer k such that G admits a k-colouring. By a clique of 
G we mean a subset C of V inducing in G a complete subgraph; the largest 
size of a clique of G is denoted by w(G). A graph G is perfect if 
y(H) = w(H) for every induced subgraph H of G. 
Let f be a k-colouring of G, 1 < i # j < k, and H a connected component 
of the subgraph induced in G by fp ‘(i) u fp l(j). We define now a new 
k-colouring g of G, which is said to be obtained from f  by a k-switching, 
by 
f(x), 
g(x)= i, 
1. 
if x$H; 
if xEHandf(x)=j; 
J, if xEHandf(x)=i. 
Two k-colourings f and g of G are k-equivalent if there exists a sequence 
fo, fi, . . . . f ,  of k-colourings of G with f .  = f ,  f ,  = g, and for each 
i = 1, 2, . . . . s f ,  is obtained from fifi I by a k-switching. 
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The purpose of this paper is to find which perfect graphs G have the 
property that, for every k> y(G), all k-colourings of G are k-equivalent. 
With this end in view we define in Section 2 a new hereditary class of 
perfect graphs, the perfectly contractile graphs, which satisfy the above 
property. Then we prove in Section 3 that Gavril’s clique separable graphs 
[8], Chvatal’s perfectly orderable graphs [5], and Meyniel graphs [ 133 
are perfectly contractile. 
Since all the encountered graphs belong to Bip* [6], one might guess 
that all perfectly contractile graphs are in Bip*, but a counterexample is 
shown in Section 5 among other examples and open problems. The unique 
colorability of perfectly contractile graphs is investigated in Section 4 giving 
in the particular case of comparability graphs a generalization of a result 
by Rabinovitch [ 151. 
2. PERFECTLY CONTRACTILE GRAPHS 
All graphs considered here are simple, finite, and undirected, and the 
definitions as well as the notations are classical (see [ 11). Let G = (V, E) 
be a graph. An induced path between two vertices x and y of G is a path 
p[x, y] = &j=x, x,, . ..) x, = y) 
such that {xi, x,} E E iff Ii - jl = 1. The integer m is called the length of the 
path. An odd induced path is an induced path of odd length. Following 
Meyniel [ 141 we call a pair of distinct vertices x, y an euen pair if there is 
no odd induced path between them and the contraction of G on this pair 
is the graph G” = (V”, E?“) defined as 
PROPOSITION 1. Let x, y be an even pair of a graph G = ( V, E). Then 
(a) y(G) = y(G”-“) and o(G) = c.o(G-‘~). 
(b) Zf all k-colourings of GXY are k-equivalent then the same holds 
for G. 
Proof: Part (a) has been proved by Meyniel [ 14, Lemma 11. Let 4 be 
the canonical surjective map of G onto GXY and let f be any k-colouring of 
G”. The composed map f =fo 4 is obviously a k-colouring of G, in 
particular y(G) < y( GXy). 
Let f be a k-colouring of G such that f(x) #f(y) and let f(x) = i, 
f(y) = j. Consider H the connected component of the subgraph induced in 
G by f-‘(i) u f-‘(j) containing x. The vertex y cannot belong to H, 
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otherwise we could find in H, hence also in G, an odd induced path 
between x and y. The switching operation on H gives a new colouring g 
with g(x) = g( JJ) inducing a k-colouring 2 of G.Yv such that g = g 0 4. When 
applied to a y(G)-colouring of G, this procedure leads to a y(G)-colouring 
of G”‘, hence y(G)>y(G”). The first equality of part (a) is established. 
If w(GXY) > w(G) it is possible to construct a path of length 3 from x to 
y. Thus the contraction of a graph on an even pair preserves y and CO. 
Consider g and J two k-colourings of G-‘Y such that g is obtained from 
f by switching on E;i a nontrivial connected component of the subgraph 
induced in GX-V by f-‘(i)uf-‘(j) and let f=fo& g=go#, H the 
subgraph induced in G by d-‘(R). Remark that H is either a connected 
component or the union of two connected components (one containing x 
and the other y) of the subgraph induced in G by f-‘(i) u f- ‘(j). In the 
first case we only have to switch on H to obtain g from f: In the second 
case we must switch on both components to recover g from f: In both 
cases g is k-equivalent to J This shows that if all k-colourings of G-r? are 
k-equivalent then all k-colourings f of G with f(x) = f( v) are k-equivalent. 
This last condition can be dropped by executing the operation described in 
the second paragraph of this proof. 1 
A graph G is even contractile if there exists a sequence of graphs 
G,, G,, . . . . G, such that for every i = 1, 2, . . . . s Gj is obtained by contraction 
of Gipl on an even pair, GO = G, and G, is a complete graph (a complete 
graph is even contractile by convention). 
A graph is perfectly contractile if every induced subgraph is even 
contractile. 
PROPOSITION 2. Let G be an even contractile graph. Then y(G)=w(G) 
and for every k >, y(G), all k-colourings are k-equivalent. 
COROLLARY 3. Every perfectly contractile graph is perfect. 
Proof of Proposition 2. The case of complete graphs is trivial. Using 
Proposition 1 and an induction on the number of vertices the result follows 
immediately. 1 
Remark A. A graph is a strict quasi-parity graph if every non-complete 
induced subgraph owns an even pair; hence perfectly contractile graphs are 
strict quasi-parity graphs. Meyniel has proved that these graphs are perfect 
[14]. An even contractile graph need not be perfect, as shown by Fig. 1. 
Remark B. A class %? of graphs is hereditary if every induced subgraph 
of a graph in GF: belongs again to ‘8:. So if we want to prove that all graphs 
of a given hereditary class of perfect graphs are perfectly contractile we 
only need prove they are even contractile. 
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FIGURE 1 
Let G = (V, E) be a graph, V,, V, c V so that V, n Y2 is a clique, 
(V,u V2)= V, and for each XE V,\V, and each YIZ V,\V,, {x, y)#E. 
Denote by Gi the subgraph induced by V, (i= 1,2) in G. We shall say that 
G is the clique sum of G1 and GZ. 
Some useful lemmas, whose easy proofs are left to the reader, will be 
needed in the sequel. 
LEMMA 4. The disjoint union, join, or clique sum of two graphs G, and 
G, is even contractiie #‘and only tf G, and G, are even contractile. The same 
result holds for perfectly contractile graphs. 
LEMMA 5. The contraction of a bipartite graph on any even pair is again 
a bipartite graph. All bipartite graphs are perfectly contractile. 
3. SUBCLASSES OF PERFECTLY CONTRACTILE GRAPHS 
Gavril [S] defined the clique separable graphs as the graphs which can 
be obtained by successive clique sums starting with graphs of Type 1 or 2. 
A graph of Type 1 is the join of a bipartite connected graph with more 
than 3 vertices with a complete graph (possibly void). A graph of Type 2 
is a complete m-partite graph, i.e., m joins of stable sets. 
A graph is called i-triangulated if every odd cycle with at least 5 vertices 
has two non-crossing chords. A graph is triangulated if every cycle with 4 
vertices or more possesses a chord. Obviously all triangulated graphs are 
i-triangulated. Gallai [7] proved that every i-triangulated graph is a clique 
separable graph. 
THEOREM 6. AN clique separable graphs are perfectly contractile, 
Proof The graphs of Type I are perfectly contractile by Lemma 4 and 
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5. On the other hand the graphs of Type 2 are perfectly contractile by 
Lemma 4. So the result follows by Lemma 4. i 
Chvatal [S] called a graph perfectly orderable if it can be equipped with 
a linear order such that for any induced path with 4 vertices a, 6, c, d and 
edges {a, b), {b, c}, {c, d} ei th er a>b and c>d or a<b and c<d. All 
triangulated, complements of tringulated, and comparability graphs are 
perfectly orderable [ 51. 
THEOREM 7. Ail perfectly orderable graphs are perfectly contractile. 
Proof: Hertz and de Werra proved recently [ 1 l] that every non- 
complete perfectly orderable graph G possesses an even pair {a, u} such 
that the contracted graph G u” is again perfectly orderable. As a conse- 
quence all perfectly orderable graphs are even contractile, hence perfectly 
contractile by Remark B. 1 
A graph is called Meyniel if every odd cycle with more than 5 vertices 
has at least two chords. Meyniel [13] proved that these graphs are perfect 
and recently Hoang [12] characterized the class of Meyniel graphs as the 
hereditary class of graphs such that any non-universal vertex belongs to an 
even pair. 
THEOREM 8. All Meyniel graphs are perfectly contractile. 
Proof: Unfortunately there are Meyniel graphs such that no contrac- 
tion on an even pair is again a Meyniel graph but Hertz [lo] defined a 
new class of perfect graphs, the quasi-Meyniel graphs, which strictly 
contains all Meyniel graphs and all graphs in which have the property that 
there exists an even pair such that the contracted graph on this even pair 
is again a quasi-Meyniel graph. We immediately conclude that all quasi- 
Meyniel graphs are even contractile, hence perfectly contractile by 
Remark B. 1 
Remark C. As a consequence, all k-colourings of a Meyniel graph are 
k-equivalent, answering a question raised by Meyniel in [ 131. We ought to 
concede that our paper stems from the attempt to solve this problem. 
This result also applies to parity graphs [4]. 
4. UNIQUELY COLOURABLE EVEN CONTRACTILE GRAPHS 
A graph G = ( V, E) is called uniquely colourable if any y(G)-colouring of 
G induces the same partition of V into stable sets. A k-colouring f of G is 
called connected if for any pair i, j with 1 < i # j < k the subgraph induced 
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by f-‘(i) u j’- i(j) is connected or if k = 1. Evidently, the n-colouring of a 
uniquely n-colourable graph must be connected [9, Theorem 1 ] and a 
switching on a connected colouring gives only a permutation on the colour 
classes. Those facts together with Proposition 2 give the following 
corollary. 
PROPOSITION 9. An even contractile graph is uniquely colourable if and 
only if it has a connected colouring. 
Let (I’, < ) be a partially ordered set and define its comparability graph 
G = ( I’, E) by declaring 
{u,v)~E if and only if u<v or v<u. 
The chains (resp. antichains) of (I’, < ) correspond to the cliques (resp. 
stable sets) of G. The elevation of an element UE V, e(u), is the number of 
elements in a chain of greatest size lying under u (and including u). The set 
Li = {U E VI e(u) = i> is the i-level. The order is diagonal if every element 
belongs to a chain of maximal cardinality. The collection of the non-void 
levels gives a (canonical) decomposition of V into the minimum number of 
antichains, called the level-colouring. Let us now recall Rabinovitch’s 
theorem [ 15 1. 
PROPOSITION 10. A poset (V, < ) has a unique decomposition into the 
minimum number of antichains if and only if c is a diagonal order and the 
restriction of < on the union of two successive levels is connected. 
Remark that the last condion implies that the level colouring is connec- 
ted. Since comparability graphs are perfectly contractile (Theorem 7 and 
[S]) we deduce the following from Proposition 9. 
THEOREM 11. A poset (V, < ) has a unique decomposition into the mini- 
mum number of antichains if and only ifit has a decomposition A,, A,, . . . . A, 
of non-void antichains such that the order < restricted on Aiv Aj is 
connected for every pair i, j with 1 d i # j d k or if k = 1. 
In fact we only need the graph structure on G = (V, E) and not an 
explicit order < inducing G. Remark also that the diagonal hypothesis on 
the order is superfluous. 
5. SOME EXAMPLES AND OPEN PROBLEMS 
All the graphs we studied until now were in Bip*, a class of perfect 
graphs invented by Chvatal [6]. The following example of a perfectly 
contractile graph is not in Bip*. 
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EXAMPLE A. The graph G = (V, E) of Fig. 2(a) is even contractile (the 
sequence of contractions is shown in the figure) and if x is a vertex of G 
then G\x is isomorphic either to the graph of Fig. 2(b) or to the graph of 
Fig. 2(c), which are both clique separable. 
In the same spirit, the following example is a perfectly contractile graph 
which is not strongly perfect [3]. 
EXAMPLE B. We just have to replace the digit 2 by 3 in Example A and 
follow the same argument to conclude that the graph of Fig. 3(a) is per- 
fectly contractile. 
The complement of a comparability graph need not be perfectly contrac- 
tile, as shown by the graph of Fig. 4, which has the two distinct connected 
3-colourings 
b ‘\‘/ 
./..\I 
FIGURE 2 
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We saw that all perfectly contractile graphs are strict quasi-parity 
graphs. The validity of the converse statement is an open question. 
Since all strongly perfect graphs (as far as we know) are Meyniel or per- 
fectly orderable we can also conjecture that all strongly perfect graphs are 
perfectly contractile. 
FIGURE 4 
582b/50/2-7 
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